Abstract. We associate to any complete spherical variety X a certain nonnegative rational number ℘(X), which we conjecture to satisfy the inequality ℘(X) ≤ dim X − rank X with equality holding if and only if X is isomorphic to a toric variety. We show that, for spherical varieties, our conjecture implies the generalized Mukai conjecture on the pseudo-index of smooth Fano varieties due to Bonavero, Casagrande, Debarre, and Druel. We also deduce from our conjecture a smoothness criterion for spherical varieties. It follows from the work of Pasquier that our conjecture holds for horospherical varieties. We are able to prove our conjecture for symmetric varieties.
Introduction
Let X be a complex Gorenstein Fano variety, i. e. a projective complex algebraic variety with Cartier and ample anticanonical divisor class. Recall the following generalization of a conjecture by Mukai due to Bonavero, Casagrande, Debarre, and Druel. This conjecture involves the pseudo-index of X, i. e. ι X := min (−K X · C) : C is a rational curve in X .
Conjecture 1.1 ([BCDD03]). Let X be a smooth Fano variety. Then we have
where equality holds if and only if X ∼ = (P ι X −1 ) ρ X .
In this paper, we investigate this conjecture in the case of a spherical variety X, i. e. a normal irreducible G-variety X containing an open orbit for a Borel subgroup B of a connected reductive algebraic group G. Spherical varieties can be considered as a generalization of toric and horospherical varieties, for which Conjecture 1.1 has already been proven by Casagrande (see [Cas06] ) and Pasquier (see [Pas10] ) respectively.
To the spherical variety X (not necessarily Gorenstein Fano) one may assign the following combinatorial invariants: We denote by M the weight lattice of B-semiinvariants in the function field C(X) and by ∆ the set of B-invariant prime divisors in X. To any D ∈ ∆ we associate the element ρ (D) ∈ N := Hom(M, Z) defined by ρ (D), χ := ν D (f χ ) where ·, · : N × M → Z denotes the natural pairing and f χ ∈ C(X) denotes a B-semi-invariant rational function of weight χ ∈ M. We denote by rank X the rank of the lattice M.
Brion has shown (see [Bri97, Proposition 4 .1]) that there is a natural choice of positive integers m D such that
is an anticanonical divisor of X. Consider the intersection Q * of half-spaces in the vector space M Q := M ⊗ Z Q defined as
If X is Gorenstein Fano, then Q * is a polytope (also known as the moment polytope of −K X ) and certain of its vertices are called supported ( Tables  29  References  32 List of general notation. P(A) power set of a set A, G
• identity component of an algebraic group G, Λ Q Λ ⊗ Z Q for a lattice Λ, C ∨ dual cone to a cone C in a vector space V , i. e. C ∨ := {v ∈ V * : u, v ≥ 0 for every u ∈ C}, Q * dual polytope to a polytope Q in a vector space V , i. e. Q * := {v ∈ V * : u, v ≥ −1 for every u ∈ Q}, F dual face to a face F of a polytope Q, i. e. F := {v ∈ Q * : u, v = −1 for every u ∈ F }, int(A) topological interior of a subset A in some finite-dimensional vector space.
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Spherical systems and Luna diagrams
Spherical varieties can be described combinatorially. A closed subgroup H of a connected reductive complex algebraic group G is called spherical if G/H contains an open orbit for a Borel subgroup, and then G/H is called a spherical homogeneous space. The Luna conjecture provides a description of the spherical subgroups of a fixed connected reductive group (see [Lun01] ), which has recently been proven (see [BP14, CF14, Los09] ). Then, for a fixed spherical homogeneous space G/H, the historically earlier Luna-Vust theory (see [LV83, Kno91] 
) describes the G-equivariant open embeddings G/H → X into a normal irreducible G-variety X.
In this section, we give a brief summary on the combinatorial description of spherical subgroups, i. e. the first of the two steps mentioned above. This section does not contain any new results. In addition to the references above, we use [BL11] , [Tim11, Section 30 .11], and [BV14, Section 2] as general references.
Spherically closed spherical systems. Let R be a root system, and let S ⊆ R be a choice of simple roots. We write X(R) for the root lattice of R. For γ ∈ X(R) we write supp(γ) ⊆ S for the support of γ, i. e. the set of simple roots having a nonzero coefficient in the expression for γ as linear combination of simple roots.
Definition 2.1. The set Σ sc (R) of spherically closed spherical roots of R is defined to consist of those elements γ ∈ X(R) which are listed in the second column of Table 1 after applying the usual Bourbaki numbering (see [Bou68] ) to the simple roots in supp(γ). If Σ ⊆ Σ sc (R) is a subset, we write Λ ⊆ X(R) for the sublattice spanned by Σ and Λ * := Hom(Λ, Z) for its dual lattice.
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Definition 2.2. Let Σ ⊆ Σ sc (R) be a subset, and let D a be a multiset consisting of (not necessarily distinct) elements of Λ * . It is convenient to consider D a as an abstract set equipped with a map ρ :
We say that D a is adapted to Σ if the following properties are satisfied:
with equality holding if and only if
and D a adapted to Σ such that the following axioms are satisfied: Remark 2.5. An inspection of Table 1 shows that in the situation of axiom (S) we have in fact α ∨ , γ = 0 for every α ∈ S p (not only for α ∈ S p \ supp γ).
2 ) are spherically closed spherical systems for root systems R 1 and R 2 respectively, we define the product
2 ), Σ 1 = {0}, which is a spherically closed spherical system for the root system R 1 × R 2 .
Augmentations of spherically closed spherical systems. Let G be a connected reductive complex algebraic group, let B ⊆ G be a Borel subgroup, and let T ⊆ B be a maximal torus such that (G, T ) has root system R and S is the set of simple roots corresponding to B. Definition 2.7. Let S := (Σ, S p , D a ) be a spherically closed spherical R-system. An augmentation of S for G is a pair (M, ρ ) consisting of a sublattice M ⊆ X(B) containing Σ and a map ρ : D a → N := Hom(M, Z) such that the following axioms are satisfied:
A spherically closed spherical system together with an augmentation is called an augmented spherically closed spherical system.
We explain how to associate to a spherical subgroup H ⊆ G an augmented spherically closed spherical system. The stabilizer of the open B-orbit in G/H is a parabolic subgroup of G containing B, hence uniquely determines a set S p ⊆ S of simple roots.
We denote by M ⊆ X(B) the weight lattice of B-semi-invariants in the function field C(G/H) and by D the set of B-invariant prime divisors in G/H. The elements of D are called the colors. To any D ∈ D we associate the element ρ (D) ∈ N := Hom(M, Z) defined by ρ (D), χ := ν D (f χ ) where ·, · : N × M → Z denotes the natural pairing and f χ ∈ C(G/H) denotes a B-semi-invariant rational function of weight χ ∈ M (which is uniquely determined up to a constant factor). For α ∈ S we write D(α) ⊆ D for the subset of colors moved by the minimal parabolic subgroup P α ⊆ G containing B and corresponding to the simple root α, i. e. the colors D such that
We denote by V the set of G-invariant discrete valuations ν : C(G/H) * → Q. The assignment ν, χ := ν(f χ ) for ν ∈ V induces an inclusion V ⊆ N Q , where V is known to be a cosimplicial cone (see [Bri90] In fact, they depend only on the spherically closed spherical system associated to the spherical homogeneous space G/H, as can be seen from the following formulae due to Luna (see [Lun97, Section 3.6]): For I ⊆ S we denote by ρ I the half-sum of positive roots in the root system generated by I. Let α ∈ S \ S p and D ∈ D(α). Then we have
Explanation of Table 1 . For a spherically closed spherical root γ, the first column shows how it is represented in Luna diagrams on the Dynkin diagram corresponding to supp γ. The vertices without any (normal, shadowed, or dotted) circles around, above, or below themselves correspond to the set supp γ ∩ S p . The normal and shadowed circles correspond to colors whose existence is implied by the spherically closed spherical root γ. If D is such a color, then the small number near the corresponding circle is the value of ρ(D), γ . On a Luna diagram, the dotted circles will always be replaced by some other type of circle (this happens automatically when a Luna diagram is arranged according to the above description).
The spherical root α 1 + 2α 2 + · · · + 2α n−1 + α n with support of type C n appears twice in the table, but with the set supp γ ∩ S p differing, which means that both possibilities are allowed.
It follows from the above formulae and axiom (S) that the coefficients m D in the expression for the anticanonical divisor are determined by γ and supp γ ∩ S p for the colors D corresponding to a normal or shadowed circle in the first column. The coefficient m D is given in the third column. If more than one color appears in the first column, the coefficient will apply to both of them.
Remark 2.10. We explain how Table 1 differs from [BL11, Table 2 ]. The notions introduced here will not be used elsewhere.
Let (Σ, S p , D a ) be a spherically closed spherical system, and let (M, ρ ) be an augmentation corresponding to the spherical subgroup H ⊆ G. For γ ∈ Σ we denote by γ ∈ M the corresponding unique primitive element γ ∈ M such that γ = kγ for some positive integer k (in fact, we always have k ∈ {1, 2}). The elements of the set Σ := {γ : γ ∈ Σ} are called the spherical roots.
The spherical subgroup H ⊆ G is called wonderful if M = span Z Σ . If one is interested in wonderful subgroups, instead of considering the augmented spherically closed spherical system with the additional condition M = span Z Σ , it can be more convenient to just consider the triple (Σ , S p , D a ), which is called a spherical system. Then the list of spherically closed spherical roots has to be replaced with a longer list of spherical roots.
The full list of spherical roots can be found in [Tim11, Table 30 .2]. The list in [BL11, Table 2 ] only includes those spherical roots which can appear when G is adjoint, but is still strictly longer than the list of spherically closed spherical roots. In that case, the small numbers are required to distinguish proportional spherical roots.
Gorenstein spherical Fano varieties
A complete complex algebraic variety is called Gorenstein Fano if it is normal and its anticanonical divisor is Cartier and ample. For toric varieties one has a description of Gorenstein Fano varieties in terms of convex geometry, namely one has a bijective correspondence between Gorenstein toric Fano varieties and reflexive polytopes, i. e. lattice polytopes whose dual is a lattice polytope as well (see [Bat94, Theorem 4.1.9]). Generalizing the notion of a reflexive polytope, Pasquier established a similar correspondence for horospherical varieties in terms of so-called G/H-reflexive polytopes (see [Pas08] ). This correspondence has recently been generalized to (arbitrary) Gorenstein spherical Fano varieties (see [GH14a] ).
In this section, we fix a spherical homogeneous space G/H.
(4) Consider the dual polytope
The set of supported vertices of Q * is denoted by V supp (Q * ).
bijection between isomorphism classes of Gorenstein spherical Fano embeddings G/H → X and G/H-reflexive polytopes.
Example 3.3. Let G := SL(2) × C * . We fix a maximal torus contained in some Borel subgroup and denote by α the unique simple root of SL(2). Moreover, we denote by ε a primitive character of C * . We define the spherically closed spherical system S : 
Note that C D1,−b1+b2 does not exist as u D1 lies in the dual face to −b 1 +b 2 . Moreover, there exists exactly one edge of Q * connecting two supported vertices, and we have
We conclude ι X = min{2, 3} = 2. As we have dim X = 3 and ρ X = rank X −|∆| = 1, we see that Conjecture 1.1 holds for X.
We can also determine ℘(X) and verify Conjecture 1.4. We denote by D 3 and
The intersection Q * ∩ cone(Σ) is the line segment connecting 0 and b 1 + b 2 , and the supremum in Definition 1.3 is achieved for ϑ := b 1 + b 2 . Hence we have
Note that dim X − rank X = 1 and X ∼ = P 1 × P 2 is isomorphic to a toric variety, therefore Conjecture 1.4 holds for X.
We conclude this section with an observation, which will not be used further.
Proof. The colors not contained in V are exactly the colors appearing in Table 1 (corresponding to non-dotted circles). According to 
and that we then have r :
The generalized Mukai conjecture
The purpose of this section is to prove Theorem 1.5. Let X be a Q-factorial Gorenstein spherical Fano variety, and let Q be the associated G/H-reflexive polytope. We define
Remark 4.1. Our proof generalizes (and slightly simplifies) the approach of Casagrande (resp. of Pasquier) for toric varieties (resp. for horospherical varieties).
In the case of a horospherical variety X, our definition of ε X yields a value smaller than or equal to the corresponding definition of Pasquier. 
∈ v, the intersection of the line segment with the boundary of cone( v) lies in a facet µ of cone( v) which is not contained in the boundary of V. It follows that µ is a facet of exactly one other cone cone( w) for some w ∈ V supp (Q * ) and the supported vertices v and w are joined by an edge of Q * . Let χ ∈ M be the uniquely determined primitive element such that
, χ is a positive integer, and
Proof. There exist rational numbers 0
For every D ∈ ∆ we define
Then we have
We sum the above inequality over all D ∈ ∆ and obtain
where the last equality follows from the fact that X is Q-factorial. Indeed, the usual criterion for Q-factoriality of a spherical variety (see, for instance, [Per14, Theorem 3.2.14]) may be straightforwardly translated into the following condition: Every facet v of Q for v ∈ V supp (Q * ) has exactly rank X vertices in V (Q), where such a vertex can not be equal to ρ (D) for more than one D ∈ ∆.
In particular, Proposition 1.2 holds.
Proof. Recall that we have ρ X = |∆| − rank X. We obtain
where the two inequalities follow from Proposition 4.2 and Proposition 4.3. 
Then we have ℘(X) = dim X − rank X, and according to Conjecture 1.4 the variety X is isomorphic to a toric variety. Hence we have X ∼ = (
Spherical skeletons
The aim of this section is to restate Conjecture 1.4 in terms of the information captured in the following notion, i. e. in a purely combinatorial way. , Γ 2 ) be spherical skeletons, where the underlying root system of the spherically closed spherical system of R 1 (resp. of R 2 ) is R 1 (resp. R 2 ). The spherical skeletons R 1 and R 2 will be considered to be isomorphic, written R 1 ∼ = R 2 , if there exists an isomorphism of root systems
Note that we have
A multiplicity-free space is a complex vector space V equipped with a linear G-action such that V is also a spherical variety. Multiplicity-free spaces have been classified (see [BR96, Lea98] ). The spherical skeletons R V for all multiplicity-free spaces V can be obtained from [Gag14a, Section 2]. Note that in these cases R V is complete while V is not. We can now restate Conjecture 1.4 in a combinatorial way as follows. 
where the supremum is the optimal value of a linear program. Assume ℘(R) < ∞.
Passing to the dual linear program, we obtain
As
As we can find a solution x of the original linear program which is a vertex of Q * R ∩ cone(Σ), we obtain ℘(R) ∈ Q.
Cox rings and multiplicity-free spaces
The purpose of this section is to prove the equivalence of Conjecture 1.4 and Conjecture 5.5. We will make fundamental use of the fact that spherical varieties have finitely generated Cox rings, a result due to Brion (see [Bri07] , see also [ADHL15, Theorem 4.3.1.5]). For details and references on Cox rings, we refer the reader to [ADHL15] .
If X is a complete spherical G-variety, the following notation will be used throughout this section. We fix a Borel subgroup B ⊆ G and a maximal torus T ⊆ B and write S ⊆ R for the induced set of simple roots of the root system R ⊆ X(T ). We denote by R(X) the Cox ring of X. There exists an open subset X ⊆ X := Spec R(X) with complement of codimension at least 2 such that there exists a good quotient π : X → X by the quasitorus T := Spec C[Cl(X)] (see [ADHL15, Construction 1.6.3.1]). According to [ADHL15, Proposition 4.2.3.2], there is a finite epimorphism G → G of connected algebraic groups and a G -action on X (hence also on X) commuting with the T-action such that π : X → X becomes G-equivariant where G := G × T
• acts on X via the epimorphism ε : G → G. There is a Borel subgroup B of G and a maximal torus T ⊆ B such that B is mapped onto B and T is mapped onto T by ε. We identify the root system (and the set of simple roots) of G and G via ε. Then the spherical skeleton R X does not depend on whether we consider X as a G-variety or a G-variety. Moreover, R X is also a spherical skeleton for the root system R, so that we may ask whether R X = R X holds.
Proposition 6.1. Let X be a complete spherical G-variety. The variety X is isomorphic to a toric variety if and only if X is G-equivariantly isomorphic to a multiplicity-free space.
Proof. "⇒": As X is isomorphic to a toric variety, the Cox ring R(X) is isomorphic to a polynomial ring (see [Cox95] ), hence X ∼ = A n . As X is an affine spherical variety, it contains exactly one closed G-orbit. It follows from the étale slice theorem of Luna (see [KP85, Proposition 5.1]) that the action of G on X ∼ = A n is linearizable, i. e. there is a multiplicity-free G-space A n and a G-equivariant isomorphism X ∼ = A n . "⇐": As X ∼ = A n , the Cox ring R(X) is a polynomial ring. As X is complete, it follows from [ADHL15, Exercise 3.9(1)] that X is isomorphic to a toric variety.
For any combinatorial object associated to X we denote the one associated to X by the same symbol with an added bar, e. g. we have ρ : ∆ → Λ * . Since X ⊆ X has complement of codimension at least 2, we can naturally identify the B-invariant Weil divisors in X and X. We say that π induces a bijection π * : ∆ → ∆ if the support of the pullback under π of every D ∈ ∆ is irreducible and this defines a bijection ∆ → ∆. Remark 6.3. If Cl(X) is free, then T is connected (i. e. a torus) and the map π : X → X is a locally trivial T-principal bundle (with respect to the Zariski topology) over X reg (see, for instance, [ADHL15, Exercise 1.17(1)]). In this situation, it is straightforward to show that π induces a bijection π * : ∆ → ∆ (hence S X = S X by Remark 6.2) and that ρ(π
Example 6.4. If Cl(X) is not free, then we may have R X = R X : Let G := SL 2 ×C * . We fix a maximal torus contained in some Borel subgroup and denote by α the unique simple root of SL(2). Moreover, we denote by ε a primitive character of C * . We define the spherically closed spherical system S := (Σ, S p , D a ) with Σ := {2α}, 
2 . It is straightforward to check that we may take G := SL(2) × (C * ) 3 acting on X with the divisor of X 1 consisting of two B-invariant, but not G-invariant, irreducible components. Hence we have D ≥ 2. In particular, R X R X . 
Proposition 6.6. Let X be a complete spherical G-variety. Assume that the variety X is isomorphic to a toric variety or, equivalently, that X is a multiplicity-free space. Then we have R
Proof. As X is an affine spherical variety, it contains exactly one closed G-orbit Y , which is a point (as every multiplicity-free space has the origin as fixed point).
It follows from [Kno91, Theorem 6.6] that the set {ρ (D) : D ∈ ∆} spans N Q as vector space. As X has a factorial coordinate ring, the above set is also linearly independent. We obtain ∆ = rank X. As the stabilizers of the open B-orbits in X and X coincide, we obtain rank X = rank X + dim T from [Kno91, Theorem 6.6]. By [Bri07, Proposition 4.1.1], we have dim T = rank Cl(X) = |∆| − rank X.
Together with dim X = dim X + dim T, this implies ∆ = |∆|.
As π is surjective, for every D ∈ ∆ the preimage π −1 (D) contains at least one irreducible component mapping dominantly to the irreducible D. It follows that π induces a bijection π * : ∆ → ∆. Moreover, it can be seen from the list in [Gag14a, Section 2] that ρ(D) is zero or primitive in Λ * for every D ∈ Γ. The result now follows from Lemma 6.5. Theorem 6.7. Let X be a complete spherical G-variety. Then the following statements are equivalent.
(1) The variety X is isomorphic to a toric variety.
(2) There exists a multiplicity-free space V such that R X ∼ = R V .
Proof. "⇒": This direction follows from Proposition 6.1 and Proposition 6.6 "⇐": As there exists a multiplicity-free G -space V ∼ = C n+1 with R X ∼ = R V , we obtain a projective space P n := V /C * with spherical G -action such that R X ∼ = R P n .
According to Remark 5.2, R(X) ∼ = R(P n ) is a polynomial ring, and X is isomorphic to a toric variety. 
Remark 6.10. Let R 1 ∼ R 2 be two spherical skeletons. It is not difficult to see that ℘(R 1 ) = ℘(R 2 ). Moreover, it follows from the list in [Gag14a, Section 2] that R 1 is the spherical skeleton of a multiplicity-free space if and only if R 2 is so. Assume Conjecture 1.4, let R be a root system, and let R := (Σ, S p , D a , Γ) be a complete spherical skeleton. Our goal is to construct a complete spherical G -variety Y for some connected reductive group G with root system R such that R Y ∼ R.
We denote by G ss the semisimple simply-connected algebraic group with root system R. We first construct an augmentation of the spherical system S : 
S p | where equality holds if and only if R is isomorphic to the spherical skeleton of a multiplicity-free space.
A smoothness criterion
Before giving the proof of Theorem 1.6, we explain how it can be used to determine the smoothness of an arbitrary spherical variety X when the combinatorial data is known. This is a straightforward translation of [Cam01, Proposition 6.1] (see also [Gag14a, Section 3]) into the setting of spherical skeletons. In particular, the cones E and C • are full-dimensional in Λ * Q , so that we obtain
Proof of Theorem 1.6. It follows from [Cam01, Proposition 6.2], see also [Gag14a, Proposition 3.3], that X is smooth if and only if R X is isomorphic to the spherical skeleton of a multiplicity-free space. According to Conjecture 5.5, this is equivalent to ℘(X) = dim X − rank X.
Symmetric varieties: the inequality
The purpose of the following three sections is to prove Theorem 1.8. In fact, we prove Conjecture 5.5 for spherical skeletons coming from symmetric varieties. Proof. By the definition of a symmetric subgroup, there exists an involution θ :
According to [Vus90, Remarque 2.1], we may assume G = G ss × C where G ss is semisimple simply-connected and C is a torus as well as θ(G ss ) = G ss and θ(c) = c −1 for every c ∈ C. Then, in particular, C θ = {e}. As C ⊆ H, θ(G ss ) = G ss , and θ(C) = C, in order to show that H is symmetric, we may assume G = G ss . By [DCP83, 1.7, Lemma ii)], we obtain an exact sequence
As G = G ss , the center Z(G) is finite, and hence
Corollary 8.2. Let H ⊆ G be a symmetric subgroup. Then G/H can be written as a product of finitely many factors of the following form: (1) (G × G )/G where G is a simple adjoint group and diagonally embedded in G × G . (2) G /H where G is a simple group and H is a spherically closed symmetric subgroup.
Proof. As H contains the center of G, we may assume that G is semisimple simplyconnected. By Proposition 8.1, the spherical closure H ⊆ G is symmetric, i. e. there exists an involution θ :
The involution θ either swaps two simple factors of G or can be restricted to an involution on a simple factor of G. Hence we can write
In particular, the spherically closed spherical system of N G (G θ ) can be written as a product
, it follows from [BP14, Lemma 2.4.1] that the spherical system of H can also be written as a product S = S 1 ×· · ·×S k . Hence we also have a product decomposition H = H 1 ×· · ·×H k .
In the case G i = G × G with G simple, we may assume that G is adjoint as We also associate to R a reduced elementary spherical skeleton R v : We start with R e , but replace Γ e with Γ v where we retain only one element from each Γ γ . We write Γ ⊆ Σ for the subset of those γ with n γ > 0. For a reduced elementary spherical skeleton R, the set Γ is determined by Γ .
Remark 8.6. Let R be a spherical skeleton. If R is complete, then R e and R v are complete. 
On the other hand, we have Q * 
As R is complete, it follows that the R i are complete as well. Hence we may assume that R is a complete spherical skeleton with underlying spherically closed spherical system from the list in Appendix A.
As symmetric subgroups are reductive, the image of the colors under ρ generate a strictly convex cone in Λ * Q (see [Kno91, Theorem 6.7] ). As R is complete, this means that Γ contains at least one element. By Remark 8.8 it suffices to prove ℘(R) ≤ |R + \ R + S p | in the case where Γ contains exactly one element. In Appendix B we have computed all the possible cases, and it is then straightforward to check that the assertion is true. An example for such a computation can be found in the next section.
Symmetric varieties: solving linear programs
In this section we explain a method to compute ℘(R) where R := (Σ, S p , D a , Γ) is an elementary symmetric spherical skeleton with spherically closed spherical system (Σ, S p , D a ) from the list in Appendix A and |Γ| = 1. We will illustrate this method on the example PSL(n+1) ⊆ PSL(n+1) × PSL(n+1). The remaining cases can be handled analogously.
We denote the simple roots of the first (resp. the second) simple factor of PSL(n+1) × PSL(n+1) by α 1 , . . . , α n (resp. by α 1 , . . . , α n ). 
where the supremum is the optimal value of a linear program. Passing to the dual linear program, we obtain
which is true if either of the linear programs has a finite optimal value. We are going to solve the dual linear program, in particular showing that it attains a finite infimum. The Bourbaki numbering of the simple roots induces a numbering of Σ, hence also a numbering of D as we have a natural bijection bijection D ∼ = Σ. We extend this numbering to ∆ = D ∪ {γ k } where γ k is given the number n + 1. We obtain natural identifications R Σ ∼ = R n , R ∆ ∼ = R n+1 , and R ∆×Σ ∼ = R (n+1)×n . We denote the standard basis of R n by e 1 , . . . , e n . Because of the symmetry of the Dynkin diagram we may assume that k ≤ n/2 where x denotes denotes the smallest integer greater than or equal to the real number x.
We have c = e 1 − e k + e n and the n × n-submatrix of A consisting of the first n rows is − 1 2 A n where A n denotes the Cartan matrix of the root system of PSL(n+1). Moreover, the last row in A coincides with e k ∈ R n .
Proposition 9.1. For every y ∈ R n+1 ≥0 subject to A t y ≥ c we have:
Proof. First, we verify the assertion for 1 ≤ i ≤ k. The cases i = 1, 2 are obvious. For 2 < j ≤ k it follows from A t y ≥ c that ( * ) y j ≥ 2y j−1 − y j−2 .
Let i > 2 and consider ( * ) for j := i. Then successively apply ( * ) for j := i − 1, . . . , 3, resulting in the inequality y i ≥ (i − 1)y 2 − (i − 2)y 1 . Further applying the inequality y 2 ≥ 2 + 2y 1 , we obtain y i ≥ 2(i − 1) + iy 1 .
Next, we verify the assertion for k ≤ i ≤ n − 1. The cases i = n − 1, n are obvious. For k ≤ j < n − 1 it follows from A t y ≥ c that ( * * ) y j ≥ 2y j+1 − y j+2 .
Let i < n − 1 and consider ( * * ) for j := i. Then successively apply ( * * ) for j := i+1, . . . , n−2, resulting in the inequality y i ≥ (n−i)y n−1 −(n−i−1)y n . Further applying the inequality y n−1 ≥ 2 + 2y n , we obtain y i ≥ 2(n − i) + (n − i + 1)y n .
Corollary 9.2. The dual linear program achieves its minimum at the point y ∈ R n+1
with
and this minimum is given by n 2 − 2kn + 3n + 2k 2 − 6k + 4.
Proof. By Proposition 9.1, we obtain
Observe that because of the assumption k ≤ n/2 we have y n+1 ≥ 0. It is straightforward to verify y ≥ 0, A t y = c, and
It follows that we have
and we obtain ℘(R) = n 2 − 2kn + 3n + 2k 2 − 6k + 4. Remark 10.2. In Appendix B we have computed ℘(R) for all reduced elementary R with S from the list in Appendix A and |Γ| = 1. From these we have gathered in Table 2 those cases where
As all of these cases appear in [Gag14a, Section 2], they are (indecomposable) linear. Moreover, in these cases the face of the polytope Q * R where the optimal value of ℘(R) is achieved is a vertex, which we also give in Table 2 (in the last column). Proof. We denote by Σ the set of spherically closed spherical roots appearing in Table 2 . By Remark 8.8 and Appendix B, we have Γ ⊆ Σ. According to Table 2 , Γ can only contain one or two elements (two could be possible for No. 2, No. 5, and No. 6). However, in the cases with two elements it can be readily verified that 
where Λ i is the lattice generated by Σ i . This defines a product 
Proof. As in the proof of Proposition 8.7, we obtain Q * R1 ∩ cone(Σ) ⊆ Q * R2 ∩ cone(Σ) and the linear function to be maximized is the same for both spherical skeletons.
Remark 10.7. In the situation of Lemma 10.6, we write R 1 R 2 . If R is a spherical skeleton having underlying spherically closed spherical system S := S 1 × · · · × S k with S i indecomposable, R v = R e , and R e = R, it is clear that we can always find a sequence
such that (after possibly renumbering S 1 , . . . , S k ) there exists an index i with
e is linear, we also have |(Γ i+1 ) e | = 2.
Lemma 10.8. Assume S = S 1 ×S 2 with S 1 , S 2 indecomposable such that |Γ| = 1 and |Γ e | = 2. Then we have ℘(R) < ℘(R e ).
Proof. Let Γ = {D}. As R v = R e , we have ρ(D), γ ≥ −1 for every γ ∈ Σ. Hence there are two distinct spherical roots γ 1 , γ 2 ∈ Σ such that ρ(D), γ i = −1. As S i is symmetric, the image of the colors under ρ i generate a strictly convex cone in Λ * i,Q . Since R is complete, we may assume γ i ∈ Σ i . In particular, we obtain a product decomposition
|, the spherical roots γ i have to be listed in Table 2 . The disjoint union Σ = Σ 1 ∪ Σ 2 yields a direct sum decomposition Λ = Λ 1 ⊕ Λ 2 . Moreover, it is straightforward to show Q *
. We have seen that ℘(R i ) achieves its optimal value (only) at the vertex ϑ i of Q * Ri listed in Table 2 . The result follows from the straightforward observation (
Theorem 10.9. R is linear. Table 6 . symmetric subgroups of exceptional simple groups
